A theorem of Tverberg from 1966 asserts that every set X ⊂ R d of n = T (d, r) = (d+1)(r−1)+1 points can be partitioned into r pairwise disjoint subsets, whose convex hulls have a point in common. Thus every such partition induces an integer partition of n into r parts (that is, r integers a 1 , . . . , a r satisfying n = a 1 + · · · + a r ), in which the parts a i correspond to the number of points in every subset. In this paper, we prove that for any partition of n where the parts satisfy a i ≤ d + 1 for all i = 1, . . . , r, there exists a set X ⊂ R of n points, such that every Tverberg partition of X induces the same partition on n, given by the parts a 1 , . . . , a r .
Introduction
Tverberg's theorem [Tve66] from 1966 asserts the following: For any two integers d, r define n = T (d, r) = (d + 1)(r − 1) + 1. Then every X ⊂ R d of n points can be partitioned into r disjoint subsets, X 1 , . . . , X r , so that ∩ r i=1 conv(X i ) = ∅. Such a partition is known as a Tverberg partition of X, and the points in ∩ r i=1 conv(X i ) are known as Tverberg points of X.
In this paper, we prove the following theorem:
Theorem 1. Given integers d, r and n = T (d, r) = (d+1)(r−1)+1, let a 1 , . . . , a r be integers satisfying a i ≤ d + 1 and r i=1 a i = n . Then there exists a set X ⊂ R d of n points, such that for any X 1 , . . . , X r that form a Tverberg partition of X, the cardinalities of X 1 , . . . , X r are a permutation of the integers a 1 , . . . , a r . Remark 1.1. The requirement a i ≤ d + 1 for all i = 1, . . . , r is necessary: Suppose X 1 , . . . , X r is a Tverberg partition of X with some Tverberg point p, and |X 1 | > d + 1 (without loss of generality). By Caratheodory's theorem, there exists x ∈ X 1 so that p ∈ conv(X 1 \{x}). Therefore if we move the point x from X 1 to the smallest subset among X 2 , . . . , X r , we obtain a new Tverberg partition of X, which induces a different integer partition on n.
We will construct the family of sets X that will be used in this proof, follow by proving some properties that apply to such sets, prove the theorem, and conclude by showing that the number of Tverberg partitions for these sets is always
Assume d, r, n ∈ N satisfy n = (d + 1)(r − 1) + 1. We construct the set X as a union of 
Let a 1 , . . . , a r be integers as in Theorem 1. Note that:
For every 1 ≤ i ≤ r and every 1 ≤ j ≤ d, define:
The set A is now defined as A = {x 1 , . . . , x r }, where
where A contains r points and each A j contains r − 1 points, therefore |X| = r + d(r − 1) = n as required.
Remark 2.1. The specific values of the coordinates of the points in X are not crucial. It can be shown that if we construct X and then move all the points very slightly, the theorem can be proved with only slight modifications. Therefore it is always possible to find a set X that satisfies the theorem and is also in general position or even strong general position [DV77] , [PS14] . On the other hand, we could allow X to be a multiset, and let A j consist of r − 1 copies of the same point e j (without any change to the proof below).
Proof of Theorem 1
Throughout the proof, assume X is a set constructed as above, X 1 , . . . , X r is a Tverberg partition of X, and
conv(X i ) is a Tverberg point of X. Lemma 3.1. p = 0. In other words, 0 is the only Tverberg point of X.
Proof. Choose any 1 ≤ j ≤ d. There are exactly r − 1 points x ∈ X satisfying x j > 0 (these are the points in A j ). Therefore for some 1 ≤ i ≤ r, X i is contained in the closed half-space {x ∈ R d : x j ≤ 0}. Since p ∈ conv(X i ), we must have p j ≤ 0. On the other hand, there are exactly r − 1 points x ∈ X satisfying x j < 0 (these are the points x i ∈ A, for i = i(j)). Thus by a similar argument, p j ≥ 0. Therefore p j = 0 for all 1 ≤ j ≤ d. Corollary 3.3. Let X 1 , . . . , X r be some Tverberg partition of X. We may always assume that x i ∈ X i for all 1 ≤ i ≤ r (otherwise we use Corollary 3.2 and renumber the sets of the partition). Then for every 1 ≤ i ≤ r and every 1 ≤ j ≤ d:
In particular, |X i | = a i , and X satisfies the requirements of Theorem 1.
Proof. Fix 1 ≤ i ≤ r and 1 ≤ j ≤ d. From Lemma 3.1, we deduce that 0 ∈ conv(X i ). Since x i is the only point in X i ∩ A, there is some λ ∈ (0, 1] and some y i ∈ conv(X i \A), satisfying
Note that λ cannot be 0, because 0 / ∈ conv(X\A). If i = i(j), we have x i j < 0. Looking at the j-th coordinate of the above equation, we deduce that y i j > 0. This is only possible if X i ∩ A j is non-empty (as only points from A j have positive values in the j-th coordinate). Thus
Since A, A 1 , . . . , A d is a partition of X, we obtain (using eq. (1)):
However, X 1 , . . . , X r is also a partition of X, thus n = |X| = Proof. Assume X 1 , . . . , X r is a Tverberg partition of X, such that x i ∈ X i for all 1 ≤ i ≤ r (we may always assume that x i ∈ X i , due to Corollary 3.2). For each 1 ≤ j ≤ d, define a bijection σ j : A j → {1, . . . , r}\{i(j)}, satisfying x ∈ X σ j (x) for all x ∈ A j (σ j is a bijection due to Corollary 3.3). Note that any Tverberg partition X 1 , . . . , X r is uniquely determined by the d bijections σ 1 , . . . , σ d .
On the other hand, for any d bijections σ j : A j → {1, . . . , r}\{i(j)}, define for each 1 ≤ i ≤ r: X i = {x i } ∪ {σ −1 j (i) : 1 ≤ j ≤ d, i = i(j)}. It is easy to verify that 0 ∈ conv(X i ) for all 1 ≤ i ≤ r, therefore X 1 , . . . , X r is a Tverberg partition of X, which is uniquely determined by the bijections σ 1 , . . . , σ d . This shows that the number of Tverberg partitions of the set X is equal to the number of unique choices of bijections σ j : A j → {1, . . . , r}\{i(j)} for 1 ≤ j ≤ d. For each 1 ≤ j ≤ d, A j contains r − 1 points, so there are (r − 1)! possible choices for σ j , and a total of [(r − 1)!] d unique Tverberg partitions of X.
